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1. On a vector space of 1-forms over a flat manifold with coordinates {x, y, z, t}, choose as a basis

the following:

θ∼
1 ≡ dx+ i dy , θ∼

2 ≡ dx− i dy , θ∼
3 ≡ dz − dt , θ∼

4 ≡ dz + dt .

For 2 timelike-separated events, A and B on the manifold, with coordinates {xµ
A} and {xν

B} the

(Lorentz invariant) interval between them would be given by

g ≡ ηµν (x
µ
B − xµ

A) (x
ν
B − xν

A) ≡ −(∆τAB)
2 ,

assuming that τ is the parameter along a worldline of some observer who passed between A and

B. An infinitesimal version of the interval, using {dxµ} as a choice for a basis of 1-forms or the

choice given above {θ∼
α}, would just be

ηµν dx
µdxν ≡ Qαβ θ∼

α θ∼
β ,

where Qαβ is the form of what is usually referred to as the metric tensor relative to the first

choice of basis 1-forms, as given in the beginning of this problem. Please determine the matrix

which has the Qαβ as its elements.

2. Using the connection 1-forms for the Schwarzschild metric, in the orthonormal basis

ω∼
r̂ ≡ 1

H
dr , ω∼

θ̂ ≡ r dθ , ω∼
φ̂ ≡ r sin θ dφ , ω∼

t̂ ≡ H dt

the connection 1-forms are the following:

Connections:

 Γ∼r̂θ̂ = −Hω∼
θ̂

r , Γ∼r̂φ̂ = −Hω∼
φ̂

r , Γ∼r̂t̂ = H′ω∼
t̂ ,

Γ∼θ̂φ̂ = − cot θ
r

ω∼
φ̂ , Γ∼θ̂t̂ = 0 , Γ∼φ̂t̂ = 0 ,

write out the 4 differential equations that define a geodesic in this spacetime, remembering that

the connection 1-forms are skew-symmetric in their indices.

3. The 4-velocity can be written as
d

dτ
= ũ =

dxµ

dτ

∂

∂xµ
.

If the coordinates {xµ} are the usual spherical coordinates, {r, θ, φ, t}, what is a matrix represen-

tation of the components of the 4-velocity?

4. In the orthonormal basis, show that the components of the 4-velocity are such that

γ = H dt

dτ
, vr̂ =

dr/dt

H
, vθ̂ =

r

H
dθ

dt
, vφ̂ =

r sin θ

H
dφ

dt
.

Remember that (ũ)2 = −1.


